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NOTE ON A FORMULA OF SYMMETRIC FUNCTIONS. 


By E. D. ROE, JR., Associate Professor of Mathematics in Oberlin College, Oberlin, Ohio. 


On page 8 of the German translation of Faa di Bruno’s Formes Binaires, 
one reads : ‘‘The function ¢,[=2a,Pa,Pr...... a, Px | can be written symbollical- 
ly in the form of a determinant as follows, 


| 8p, 8(p,) » (Ps) 
dy = 8(p,) 8p, 


if after the development of the determinant, the symbolic products 8(p,) 8(p,)+ +++ 
are converted into 8p). 

If one endeavors to carry out these instructions, he finds that the state- 
ment holds for k=2, and k=3, but not farther. In the Annali di Tortolini (t. 5, 
1854, p. 427-8), a clearer statement of this formula is given by Brioschi, but 
without proof. Brioschi’s statement, slightly changing the notation, is as follows : 

If UrsUsr=S8p,+ per pe, and in general if every cycle 
of a substitution corresponds to a power sum whose index is the sum of those p’s 
whose subscripts enter into the cycle, then the n! products U,7,Wor,Ugr,- ~~ -Unrns 


Te 


corresponding to the he ), where the r’s form a permutation of the 
1 n 


numbers 1 2 3....n, give the terms of ¢,—2a,P:a,?....a@,?", which we may 
write in the form of a determinant as follows : 


p 
e 
8 
r 
y 


Urn 

Uon 


It seems desirable to give here a proof of this theorem. One may be giv- 
en in this manner: We form, 


r=n 
Pp Pn--1 
r=1 
r=n—1 
This gives ¢,—— > ¢\”, + Where is an abbreviation for 
r=] 
Zath"(a,Pia,P2....@ m1), We assume that the determinant formula is true 


when a—1 roots are involved. Then the preceding equation takes the form 


Vin—1 Uy, Uin-1 
Un—11 Un—12- -Un—1n-1 Un—11 Un—12- -Un--1n—1 


The sum 2 contains (n—1) determinants. Of these the r,,th one, which 
s),. must be similar to ¢n—1, but with this difference, that everywhere 
instead of p,, p,+p, must occur. If we denote p,+p, by p,', we may say, the 
symbol connected with sp. must be so constituted as to always express 8p,+Dn. 
Any product which corresponds to a cycle which begins and ends with 1, that is, 
any product commencing with an element of the rth line, and ending with an ele- 


ment of the 7th column, like 


expresses ¢ 


VeyVyr = 8p," pr} py 
can be written in the wu notation as 


since the right membars of these two expressions are equal. As far as the prod- 
ucts which correspond to the remaining cycles (which cannot involve r and 1) are 
concerned, they may always be written simply with w’s instead of v’s. It fol- 
lows: We may write the determinant for ¢”, with u’s instead of v’s, provided 
that only v,, goes over into u,,,., and v,, into w,,, and obtain exactly the same 
expansion as before. Writing wrt, UnrNy..... Unrlrn 1 for the rth line in- 
stead of v,1, Up2...... Wins Un—in for the rth column instead of 
Vn—1r, We have for after taking out the factor 
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Ws 4 1 Wan Von —1 

— Pn—1=—Unr 

Un—11 Un Un—-1m Un—1n—1 


In this determinant pass the rth column over the remaining n—r—1 col- 
umns. The entire sign factor becomes (—1)"—"—!*!—(—1)"-*-2. We can now 
combine our results conveniently as follows : 


Ui, Wir—1 Uin 
2 
r=1 
Un—11 Un—12- -Un—1r-1 


if for r=1 the first column, and for r==n, the last column is suppressed. But the 
sum of the determinants on the right hand is none other than the expansion of 


Wry Uin 
be 1 Way Van 
Uni Unn 


in terms of the elements of the last line. 

We have therefore proved that if ¢, ; can be expressed as a determinant 
of order n--1, ¢, can be similarly expressed as a determinant of order n. But 
the assumption is true when »—1==1, and therefore for all greater values. 

Attention may be called to the fact that this determinant gives very beau- 
tifully the general term of ¢, in terms of the 3’s. Let o be the number of cycles, 
involving uo numbers respectively, where n,4-n,+...... 
into whose product any given substitution of the numbers 1, 2,3 .....n can be 
decomposed. The general term of ¢, will consist of the products which corres- 
pond to the o cycles of the substitution. The modulus of the substitution will be 
the product of the moduli of the cycles, viz, (—1)"~1}+™-1F..---. ng 1(—1)"-o, 
The coefficient of the term will be the number of ways in which the substitution 
can oceur. The first cycle can occur in (n,—1)! ways, for for the first number 
the (n, —1) remaining numbers may be substituted, for the second the (n, —2) 
remaining, etc.; for the next to the last, the last remaining unused number, and 
for the last the first number. Similarly, a second cycle can occur in (n,—1)! 
ways, and the two together in (n,—1)! (n,—1)! ways. We thus get for the gen- 


eral term of @,, if An,, An,, denote the sum of the n,, 
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exponents respectively, 


(—1)"~ (no—1)! 8 


An, 


a result that agrees with that obtained in a somewhat different way on page 8 of 
the German translation of Faa di Bruno’s Formes Binaires. 


Erlangen, Bavaria, 4 May, 1898. 


CONVEX SURFACE AND VOLUME OF CONICAL UNGULZ. 


By G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, Lebanon, Va. 


Let BD=c, DE=a, tanDBC=n, cotFEC=m. Also let DH=h, DC=R, 
HF=r, EC=d, then c= ; a=R—d, 
R=r h he 
Then x? +2?—=n*(c—y)*, is the equation of the cone, and x=my +a, is the 


equation of the plane. 


The limits of x are my+a=z, and n(c—y) 
—a 


; of y, 0 and 
n 


ale—y)y A +n?) 


(1+n*) f [ ( ) 
/ 0 


=ne*)/(l—n sin 
(c—y)dy 


—n(a+me), (tnt) [n? (e—y)? >—(a+my)? 


| 
L 
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—(a+my)*= 


[(mne+na)? —(n?e+am+ m*y—n?y)?]/(m? —n*), 
When m?>n* 

=(ne+a)(ne—a—2ny). 

When m?—n? 

—(mnet na)? | (n? —m?) 


When m? <n? 


Let 


Then the limits of u are n?c+am—u, and mnace+an—u,. When m*>n?* 


(e—y)dy 


+ Vv [n?(c—y)?—(a+my)* 


n(a+me)y (1l+n?) _ (em? +am—u)du 


_anm(a+me)*y (1+n*) am(a+me)? | (l4-n*).. ( n?e+am ) 


2) [(m?—n*)3] 1 [(m?—n?)3] an-+ane 


1c? am(a+me)? a 


m(a+me)? 
—n*)*] 


an+nme 


[(m?—n?)?] 


= R—r 9 2) [d(d+2r—2R)*] 


r?d(r—R+d) i 


[d(d+2r—2R)3 r 


—P?*sin 


R d(d+2r—2R)3]! 


h? 


| 


When m?=n?, y’==(ne—a)/2n. 


(c—y)dy 


ay 
(1+?) 
0 


wy (2Qne+a), 


[ne—a —2ny] 3n 


ny a + ne 1+ nn? 


n a (Qnc+a), (n?c? —a?) 


4 ne on 


But d=2(h—-r). 


When m?<n*, 


(c—y)dy 
[n®(e—y) (a+my)* | 


n(atme)y (14+2*) (em? +am—u)du 


Ju, py [u®--(mne+an)*) 


n(at+me))/ (1+?) Th 
Vv Ln? —m*)?] 


nm(atme)?y (1+n*) tam) Comet 


—m*)3] mne+an 


S=ny (1+n*)] 
ne 


(a+me) 


[(n®?—m?)9] 


mne+tan 
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R—d 
R? sin ( PR ) 


R—r 2 


[d(2R—d—2r)3]! [(2R—r—d)*? —r*] 


For volume, 


v=2f [n?(c—y)* ]dydx 
Ly 


0 

--(a+my) [n*(c—y)*—(a+my)?* } dy 1 
ne 


(c—y)*dy 
3 + ). [n?(c—y)? —(a+my)?*] 
(a+my), [n?(e—y)?-- (a4 my)* ]dy. 


When m?>n*, 


(e—y)?dy 


In? (a+me f 


n*(a+me) (em* +am—u)? du 
(Om? — u, 1 [Can+men)?—u?] 


 n?(a+me) 


n?e+am 
—(a+me)?(2m?+n?)sin - — 
an+nme 


+ (n®*e—4em*? —3am) [(an+nme)? —(am+ n?e)*) 


f (a+my)p/ [n?(c—y)? —(a+ my)? Jdy 
0 


1 


\e 
(mn —an? —n?em);/ [(an+ nem)? —u? 
V 


| 
| | 
| 
| 
| 
| 
| 
| 
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1 


nt(atem)? amnt(a+em)?* 
sin . 
2 \an+nme 4 
+ [(an+nme)?—(am+n*e)*] ]. 


4 


gin 
3, [om?—n?)3] an+emn 


2acn®? +a? m+n? in —(am 
3, [(m?—n?*)5] ) 


3(R—r)y [d(d+2r—2 


aRh 
Let d==2h J 3(R ry (Rr)] 


When m?==n?, y'=[(ne—a)/2n]. 


(e—y)dy 
J 


(c—y)*dy + bane + 2a?) 


ay 
(a+my), [n*(ec—y)? —(a+ my)? ]dy 
a 0 


+3anc—2a" 2¢2—q? 


Yn 


But d=2R~— 


h 2r—R 2(3R? —14Rr + 8r?) 
J — R8sin ( PR = — 


Vv 


When m? <n? 


(e—y)' 
J 9 [n? (c—y)?— (a+my)*] 
n*(a+ine) +am—u)*du 
[(n?—m?*)*]. [u?—(an+men)? 


[(n?—m?*)*] 


an+mne 


(a+ + my)? jdy 
0 


{ (mu—an*? —n® em) —(an+mne) *\du 
= [(n?e+am)? —(an+nme)? | 
1 [(n®? —m*)>] 


—}m[(n2¢ + am)? — (an4-nme)? 


n-e+ant+ (n?e+am)*—(an+nme)? 
log 
an +nme 


( ) 


ne 


n®(a+me)* 
og - - —— — 


3p [(n?—m?)5] an+nme 


9 2 2 

2n2ac+am? +n2c2m ° ° 

[(n?—m?)3 | 


( R ) 


[d(2R—d—2r)*] : 


_2Rd(R—d)+d?(r—R+d)] 
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Let m=0. 


a 
[ ( )] 
; ne 


- log [n?c® —a*] 


a 


[n?c? 


v 


a 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
93. Proposed by RAYMOND D. SMITH, Tiffin, Ohio. 
A barn 20 feet square is standing in a pasture, and a horse is tied to one corner of it 
with a rope 50 feet long. Over how much land ean he graze ? 
I. Solution by B. F. FINKEL, M. Sc., M. A., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 
Let ABCD be the barn, side AB=AD-=20 feet; A the corner to which 
the horse is tied ; and AF-—AG=-50 feet, the length of the rope. 
Then DI=BI~—30 feet ; .AC=DB=20,'2 feet; El=,\/[DI* —DE*]|= 
[80° —(10,/2)?] feet+10,; 7 feet; Cl=EI—EC=10,'7 feet—10, 2 feet 
10(y/ 7-12) feet ; CL=CM=, /2]=3Cl, 14-2) feet ; KL=CK 
—CL=10 feet —5(, 14-2) feet—5(4— 14) feet ; and chord KJ-=chord IN= 
[KL? +112}. 
[25(4—1/ 14)? + feet 
=10;/ 14] feet. 
2 are IK=1(8 chord KJ—2/L* 
80, [3(4—] 14)] —20G 2)} feet—= 
20 [8(4—1/ 14) ]—G/ 7—v 2)] feet. 
The area over which the horse can 
graze—FAGPF+sector FDI+sector IBG+ 
triangle DC] +triangle BCI=-FAGPF +2 sec- 
tor FDI+2 triangle DCJ=FAGPF + 2(quad- 
rant FDN—sector JDN)+2 triangle DCT. 
But area of FAGPF=$7A F? =1875z ; 
*See Williamson’s Differential Calculus, pages 64-65, for a proof of this rule. The discovery of this 
important approximation is cue to Huygens. The length of an are of 30° on a circle of radius 100,000 dif- 


fers from the true value, assuming 7=-3.141592, by about 2inches. The formula is are=}(8B-—A) whon B 
is the chord of half the are and A is chord ofthe are. 
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area of quadrant FDN=}7DF? —2257 ; and area of sector [DN : 227DF? ::227DF 
: arc IN, or area of sector JDN=—3DF x are 14)]—y.7+ 


2]} square feet—50{4, 14)—) 74+) 2} square feet. 

Area of sector PDJ=2252—50{4, [3(4— 14)]—) 74) 2}. 

Area of triangle DCI=3DC x IM=10x 5() 14—2)=50(,; 14—2) square 
feet. .*. The total area over which the horse can graze—18757 +2(2257— 
50{4, [8(4—} 74-1 14—2)] = 18757 + 4507-1004, 
14)]|—} 2+ 100() 14—2)—23757+ 100 | 14—2—4, [3(4—] 14)|}+ 4 7 
— 2=7249.378 square feet. 


II, Solution by G. I. HOPKINS, A. M., Professor of Mathematics and Physics, High School, Manchester, N 
~s . ee A. M., Principal of Colfax School, Pittsburg, Pa.; and P. S. BERG, Principal of School, Lari- 
Let ABCD represent the barn and A the corner to which the horse is tied. 
Then FA—AG=50 feet, and DF—ID—BI-GB=30. The area over which he 
can graze is divided into four parts, viz.: the three-quarters of a circle AFPGA, 
the two sectors GBI and JDF, and the quadrilateral 7#CD. 
BD=y (20? + 20?)=20,/2. ED==10,/2. 
CE=, —(10) 2)? ]=10) 7. 
Area IBD—area BCD. 
Area IBCD==10, 7x10; 2—200-=100;/ 14—200. 
. Area [BCD==174.1657 square feet. 
cos IDE=(10, 2)/30=.4714. 
ZIDE=61° 52’ 30" and 7 BDA 
Sectors GIC and JDF are equal. 2273° 7’ 30”=146° 15’ =146} 
Area of circle whose radius is JD=30°7—9007. .:. The areas of the two 
sectors GBI and IDF =(146}/360) x 90073653 7=365.6257. 
Area of GAFPG=(8'50? 7) /4—18757. (365.625 + 1875)7—2240.6257. 
Area GAFPG—7039.1475 square feet. 
Entire area--174.1657 + 7039.1475=7213.3132 square feet—=26.495 
square rods. 


This problem was also solved by G. B. M. Zerr who got as an answer 7291.9808 square feet; J. Schef- 
fer, his answer being 6889.414 square feet; Fremont Crane, his result being 6351.785 square feet; and B. F. 
Sine, his result being 7233.292 square feet. Cooper D. Schmitt did not solve it, but referred to a previous 
solution in the MONTHLY. 


94. Proposed by J. A. CALDERHEAD, M. Sc., Professor of Mathematics in Curry University, Pittsburg, Pa. 
What rate of income do I realize by purchasing United States 4% bonds at 105 if I 
sell them in six years at 104? 


Solution by CHARLES C. CROSS, Libertytown, Md.; FREMONT CRANE, Sand Coulee, Mont.; HON. JOSIAH 
H. DRUMMOND, Portland, Me.; and G. B. M. ZERR, Pottstown, Pa. 


.04 x 6=24. 
1.04+ .24—1.28, amount realized on bond. 
1.28—1.05—.23, amount gained in six years. 


.28+6—.03§, amount gained in one year. 


of income. 


Also solved by P. S. BERG. 
95. Proposed by WALTER HUGH DRANE, A. M., Professor of Mathematics, Jefferson Military College, 
Washington, Miss. 
A man sold a house for $7,500 and gained a certain per cent. on the cost. If the cost 


2 


had been 1624% less, his gain would have been 25% greater. Find the cost of the house. 


I. Solution by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa.; and M. A. GRUBER, A. 
M., War Department, Washington, D. C. 


The increase in per cent. gained is made up from two sources: (a) addi- 
tional gain caused by decrease in cost, and ¢b) original compared with supposed 
cost instead of actual cost. 

16#% of cost+(cost—# cost)=={, or 20% of supposed cost. 

Hence 25%—20%, or 5%, must be due to changing the base, and 
(gain+ cost)—(gain+cost)=5%, or orgain+5 x cost=,'), and gain==} cost. 

Hence cost==$7,500, and cost==$6,000. 

Solution No. 2. The rate on 3 $ of rate on cost. 

$ of cost+? cost}, or 20%. 

*, £of rate on cost+20%=rate on cost+ 25%, or } rate=-5%, and rate= 


Hence $7,500—125% of cost, and cost—$6,000. 


Solution No. 3. Let 6r=cost. Then $7,500—6x—gain. 

$7 ,500—5x—supposed gain. 

7500 —5x 7500— 6x 

44, whence r=$1,000, 6r=$6,000. 


5a 6x 


Solution by B. F. FINKEL, M. Sc., M. A., Professor of Mathematics and Physics, Drury College, Spring- 


100 per cent.==selling price. 

100 per cent.—actual cost. 

100 per cent. —100 per cent.=gain. 

100 per cent.— 16% per cent.—83} per cent.—conditional cost. 

100 per cent.—83}3 per cent.—conditional gain. 

834 per cent.—100 per cent. of itself. 

7. 1 per cent.=1/83%4 of 100 per cent.=1} per cent. 

8. 100 per cent.—83} per cent.—(s00—831) times 1} per cent. x 100 


per cent.—100 per cent.—conditional gain per cent. 
9. .*. $X 100 per cent.—100 per cent.—(z00 per cent.—100 per cent.)= 

1 x 100 per cent.—difference. 

10. 25 per cent. =difference. 

11. .*. 100 per cent.=25 per cent. 

12. 100 per cent.=5 x 25 per cent, =125 per cent.=selling price in terms 
of actual cost. 

13. .*. 125 per cent.= $7,500. 


25%. 
field, Mo. 


14. 1 per cent.=,}5 of $7,500=$60. 
15, 100 per cent. =$6000=the cost of the house. 


Also solved by COOPER D. SCHMITT, F. R. HONEY, M. E. GRABER, EDW. R. ROBBINS, B. F. 
SINE, J. SCHEFFER, J. F. TRAVIS, EARL R. GIBSON, FREMONT CRANE, HENRY HEATON, J. H. 
DRUMMOND, and G. B. M. ZERR. 

Solved in a similar manner, though more briefly, by Walter H. Drane. Professor Drane has some 
doubts as to whether the above is strictly an arithmetical solution and asks the question, What is the ex- 
act difference between an arithmetical and an algebraic solution? This question I have answered in the 
last number of the Montuty. The above is not an arithmetical solution at a'l. Professor Ellwood’s last 
solution is algebraic. My solution of problem 93, aside from the principles borrowed from geometry, is 
purely arithmetical, because all the operations are performed at once upon certain numbers and the re- 
sults of these operations summed give the final result. The selling price is printed in italics for sake of 
distinction. [Ep. 


ALGEBRA. 


83. Proposed by J. MARCUS BOORMAN, Consultative Mechanician and Counselor at Law, Woodmere, Long 
Island, New York. 


Solve (11), true to four decimals. 


I. Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


I) in (II) gives 162? 
4, y= =8.935482, y= —7.487627 
r=.537401, y=7.711199 ; 
a=— 472833, y= 776428. 
Solved similarly by J. H. DRUMMOND, and EDW. R. ROBBINS. 
II. Solution by the PROPOSER. 


[N. B. Change +, +, only in unison, —thus S= orn ) to 
z= 91) to 2, =(y, +911) to (yt 
¥,1), 12 roots. 

The ‘‘Empirical’’ gives (E) 

—2[S+ (8? —60)]S* + Id? =Id? fp [1/(8? —60)]. =1, factor of x 
in(I); S=sumx+2,; 2=co-sum (7+y,), ete. Analyst for 1882, IX, page 122]. 
S*=10+,/ 1004=10+10.0062484....... *, + 
S?=6+)/35t= 6+ 5.9895761. True S= 4.472833,9+. 
Error 0.000000,3. 
By S, =+38.462596,5,—its reciprocal is 2, =0.288800,4+, 
True S, =3.462598,42. Reciprocal of S is 2=0.223571,9+, 


Error (.000001,9 S,=0.064567.6 ; 
[Thus reducing the ‘‘ir-reducible’’ case]. Q. V. D 
By 2=f(1/S), f=1=S2=SS,S,. Any S or = will give, by 
( f=f?=1 here.) 
4f?(1/2)], the whole eight roots, viz.: 
a=0.537401 +, 3.935482, 2, ,=—0.472833,9, ; 
y=7.7111994+, = — 7.487627, y,,=7.776428,1, y,z=—8. 
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Compare x, -=3.935432 331970 029801 953731,229+4 

—4. 

S,= 0.064568 668029 970198 946268,770=¢ 

Y,=—7.487627 639515 066744 0716381,521+ 

Yau. 
(>), =+0.512372 360484 933255 928368,478— 
e=0.537401 577025 225760 614153,4040 + 
a, —=—0.472833 908995 9096 667884 + 
Sa, 0.064568 668029 970198 946268,770= 
Also, y==7.711199 545010 300348 929222,61934; 
Ys 7.775428 094504 266400 142408,902-+. 

S, 2, ete., is stated + because the remaining two roots of « or y so make 
it. Note that Sg.+=--—S,, and that the two determine the final figure 0! Also 
observe the curious recurrences 777 twice, 222, 111, ete. 

The “Empirical” is one of three novelties found in 1875-6. Des Cartes’ 
S&—4aS84+4bS?—f?—0 (C), so stated factors into ,2x$*—2yS+ 
Also to S8—2[a+,} [1/(a?—b)]{1/8)=0 

Change 7, ‘empirically’ into tf, [1(a? —6)](1/8) gives 
(E) above. For, say twelve decimals true correct 47, ete., into (++)v, ete., by 
—b)](1/S?) =f. 

Notr. Josiah H. Drummond remarks of the Proposer'’s solution of No. 78: It seems to me that his 
reasoning is faulty, and his conclusion erroneous. His reasoning seems to be: If x?=36 (1) it follows 
that a2*=1296 (2) and as (2) has four roots, therefore (1) has four roots. Again +2 and +2, taken by them- 


selves, are precisely the same; the first is +2 or —2, and the second is precisely the same, save in the 
order of writing or reading them, which does not affect the mathematical result.’’ 


GEOMETRY. 


91. Proposed by LEONARD E. DICKSON, Ph. D., Instructor in Mathematics in the University of California, 
Berkeley, Cal. 

If a point A remain fixed while a point B moves along a given-straight line, prove 
that the locus of the vertex C of the triangle ABC, similar to a given triangle and lying 
always on the same side of 1B, is a straight line. Verify geometrically for the case in 
which the angles at 4 and ( remain equal. 


Solution by J. SCHEFFER, A. M., Hagerstown, Md. 


Let MN be the fixed line, denote AO, which is constant, by h, and the co- 
ordinates OD by x and CD by y, and extend AC to E£, 
denote 7 AEB by FE, and the constant angles of triangle 
ABC by A, B,C. We have 


h / 
sin (A + sin(C— EF) 


h y 


sinc : sind 


h(sinCsinE—cosCsinE) sinC 


or or 


sind 


h—y==(heotC + yeot A ; but tanE=—(h—y)/+, 


x=ycotA +heotC, or y=xtanA—hcotCtand, as 
the locus of C. 
For C=A, we have y==xtand—h. 
Make OF=—OA, draw FH so as to make 4 HGN= 
ZA, draw AG. HGN=OGF= / AGO= ZA. 
Since 7 BAC= / BGC, ABCG is concyclic. 
LACB= AGB= ZA, ... £C=ZA, which un- 
ifies geometrically for the case in which the angles at A and 
C remain equal. 


92. Proprosed by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 


Let ABCD be a quadrilateral inscribed in a circle. Draw the diagonals AC and BD. 
Show that AB.BC : DC.AD=BD : AC. [From a note in Young’s Geometry, edition of 1880. ] 


Solution by the PROPOSER, and J. SCHEFFER, Hagerstown, Md. 
Let F be the intersection of the diagonals. 
Then AB BF 2: CD: CF, 
or AB: CD :: BF: CF, 
and BC: AD:: CF: DF, 
Hence AB.BC’: AD.CD :: BF : DP, 
(I) and AB.BC+AD.CD : AD.CD : BF+DF(=BD) : DF. 
In like manner it is shown 
(11) that AB.AD+BC.CD : BC.DC :: AC: CF. 
Bot AD: DP BC CP, 
Combining these with (1) and (II), we have 
AB.BC+AD.CD : AB.AD+BC.CD :: BD: AC. Q. E. D. 


Also solved by B. F. SINE, CHAS. C. CROSS, WALTER H. DRANE, and G. B. M. ZERR. 


93. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va. 


While surveying in a level field I notice a mountain behind a hill. Wish- 
ing to know the height of each I take the angles of elevation of the tops of both 
and find them to #==45°, 6=40°. I then measure a straight line a—400 feet, 
and find the angles of elevation of the tops to be y=42°, u—88>. After measur- 
ing b—800 feet more in the same straight line I find the elevations to be A=40°, 
v-=36°. Find the height of each. 


Solution by the PROPOSER. 
Let AB=400 feet=a, BC=300 feet=b, OP=x, QR=y. 
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LOAP=45°=f, 20AQ=40°=6, OBP=42°=y, ZOBQ=38°=p, 
Z OCP=40°=A, Z OCQ—36°=. 

OA=m, OB=n, OC==p, Z OCA=6. 

n==ycotu==xcoty. 

p=ycotv—rcota,. 

Also from triangles OCA and OCB, 


m? =p* + (a+b)? —2p(a+b)cos4 
n?—p* +b® —2pbcos6 


The values of m, n, p in (1) and (2) and elimina- 
ting cos@, we get 


ab(a+b) 


abla +b) 


Substituting we get y=1505.183 feet, x—4232.505 feet. 
Also solved by ALOIS F. KAVORIK, and CHAS. C. CROSS. 


CALCULUS. 


71. Proposed by J. C. CORBIN, Pine Bluff, Ark. 
Form the differential equation of the third order, of which 
y=c ,e* +c, + ¢,e” is the complete primitive. 
III. Solution by C. HORNUNG, A°M., Professor of Mathematics, Heidelberg University, Tiffin, 0.; COOPER 
D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; C. W. M. BLACK, A.M., 


Professor of Mathematics, Wesleyan Academy, Wilbraham, Mass.; G. B. M. ZERR, A. M., Ph. D., The Russell Col- 
lege, Lebanon, Va.; and the PROPOSER. 


d*®y/dx* =4c, +c, €7... .(4). 
(2)—(1) gives dy/dx--y=c, e*— 4c, e—* 
(4)—(1) gives d>y/dx* —y=7c, e* —28c, 
(6)—7(5) gives d?y/dx* —7(dy/dx)+6y=0. 


IV. Solution by J. SCHEFFER, A. M., Hagerstown, Md. 

The equation -reduces itself to what is the equation the three roots 
of which are 1, 2, —3. This equation is 2?—7z+6=0 ; consequently the com- 
plete primitive is d*y/dx? —7(dy/dzx) + 6y—0. 

72. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va. 


A man has a park in the form of a parabolic segment cut off by a chord making an 
angle 47 with the axis. Within the park is a right angled triangular flower plat with one 
vertex at the center of gravity of the segment, the other vertex at the lower extremity of 
the chord, and the right angle on the diameter bisecting the chord. The park contains 30 
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acres, and the perimeter of triangle in linear measure equals the area in square measure. 
Find the length of the chord, the latus-rectum of the parabola, and the dimensions of the 
triangle. 


Solution by the PROPOSER. 
Let PQ=2y, BC==1, EBC=6=}7, y*=4az/sin®? 6=8az. 


r 


& Area=2sin4 a at dx=(Sai 2? =] 
J / 


2ry)=4800 square rods, or ry=3600; 
If @ be the center of gravity, then BG=32/5. 
PD=tyy 2, 2). 
PG=y (PD* + GD*)= (100y? + 162? — 2). 
PG= (100y? + 162% — 2800), 
§PD.DG= 4, (4ryp/ 2— 10y? )4(2880 —y?). 
(LOOy? + —2800) + 
(100y* + 162% —2800)=14400— 5y? —8r, 
25y4 — 144400y? + 80xy? — 2304002 
+ 208512000—0 
(1) in (2) gives 
—5776y3 + 11520; 2y? 2, 
y>=5776y8 + 16291.740672y? + 8340480y—46920215. 13536. 
. y=5,6908 nearly, 2y=11.3806, length of chord. 
a==894.7101, PD=4.0236, DG=353.3604, PG@=353.8833, area PDG= 
711.7673, 4a—=.0181—latus rectum. 


Solved with different results by C. W. M. BLACK, and J. SCHEFFER. 


Nore on solution of Problem 69, Calculus, April number, page lll: ‘‘It seems to me that this solu- 
tion does not solve this question. The fence prevents the horse from grazing on the ground within it; 
then, the rope must extend from one end of the major axis around, outside of the fence, to the other énd, 
and is twice as long as that half of the fence. Hence the horse may graze around to the end of the minor 
axis on the other side of the field. The horse, starting from there and keeping the rope tight, will de- 
scribe a curve as the rope unwinds from the fence, until he arrives at a point opposite the other end of 
the minor axis, being then half way around: proceeding, he reaches the other end of the minor axis (his 
starting point) and describes the other half of the curve. Josiah H. Drummond. 


MECHANICS. 


64. Proposed by FREDERIC R. HONEY, Ph. B., Instructor in Trinity College, New Haven, Conn. 


Let the isosceles triangle abc, whose plane is vertical, and whose base be is horizon- 
tal, and supported at each end b and ¢, represent three rods jointed at the points a, b, and 
c. Let any load ZL be suspended at the vertex a. It is required to find the value of the 
angle between the sides of the triangle and the base which shall make the sum of the 
weights of the rods a minimum, the length of the base be being fixed. 


|| 
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I. Solution by the PROPOSER. 

The rods ab and ae are in compression. Let C-number of pounds per 
square inch the material resists in compression. The rod be is in tension. Let 
T= number of pounds per square inch the material resists in tension. 

Let W=sum of weight of rods. 

Let L=load. 

Let w=weight per cubic inch of material employed. 

Let 4=-angle between the sides of the triangle and 
the base. 

Length of rods ab +ac=be x sec#, 

Tension in rod be=3Lecoté, 


Compression in each of the rods ab and ace=3Lcosec4., 

Number of square inches in section area of rod be needed to resist the ten- 
sion==3Leoté /T. 

Number of square inches in section area of each of the rods ab and ac= 
4 Leosecd /C, 

Weight of rod be=-length x section area X weight of cubic inch of material 

be x (4Leot4/T) x w. 
Similarly, weight of rods ab + ac-=besec4 x (3Leosec4# x w. 
And W=bex (4Leot4/T') x wt besec4 x (4Leosec#, C) X w 


Differentiating, dW/d#=be x 


( secHheosec4tan4— sechcosecfeotA eosec?4 ) 


Putting dW /d#=0, we have 


cosec* A 


Dividing by be x }Lweosec4, and transposing, 


coseeh 


ral 


Dividing by sec4, [(tan4#—cot#) C]=cot4 T. 
Ttan#— Tcot#= Ceot#, 


Dividing by cot#, Ttan?°¢—T=C, tan?4=[(C+T) T], tand=, [((C+T) 
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II. Solution by J. C. NAGLE, M. A., M. C. E.,Professor of Civil Engineering in Agricultural and Mechanical 
College of Texas, College Station, Texas. ° 


The sum of the weights of the rods will be a minimum when their areas 
are a minimum, which will occur when the stresses are made a minimum. By 


‘ resolution of forces we have for the sum of the three stresses in ab, be and ae, call- 


ing the equal angles 4: sum of stresses equals 


1 cos4 


Equating the first derivative’to zero, we get, after reduction, cos#=$4. 
Therefore 4=60° and the triangle is equilateral. 
65. Proposed by G. B. M. ZERR, A. M.,Ph. D., President and Professor of Mathematics, The Russell College, 
Lebanon, Va. 


The distance. parallel to the axis, from the mid-point of a chord to the are of a par- 
abola, is constant. Show that the center of gravity of all segments formed by the chord is 
an equal parabola. 


I. Solution by the PROPOSER. 

Let A be the vertex of the segment ; (h, k) its codrdinates ; 5b the con- 
stant length from A to the center of the chord ; 4 the inclination of the chord to 
the axis ; y?=4ax, the equation to the parabola ; (m, ») the codrdinates of the 
center of gravity of the segment. 

Then h=m=acot? 6, n=k+3b-=2acoté+ 3b. 

cotd=[(n—3b) /2a] =) (m/a). 

m/a=[(n—3b)/2a]?. Let n=p+3b. 


p?=4am, an equal parabola, 


II. Solution by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 
Take the diameter through the mid-point and the tangent at its extremity 
for axes. 
Then y? =4cx, where @ is the angle between the axes and e=a/sin?¢, 
Since the diameter bisects the area of the segment, 


(er)dr 
(er)dr 


where k is the distance from the are to the mid-point. 
But x=acot?04+ 3k; y=2acotd, to the vertex and rectangular axes. 
(y)? =4a(a—8k) or =4a(a—3 which is the equation of an equal 
parabola with its vertex on the axis at a ii 2k from the given one. 
Also solved by J. SCHEFFER. 
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DIOPHANTINE ANALYSIS. 


62. Proposed by JOHN M. ARNOLD, Crompton, R. I. 


Find, if possible, four square numbers in arithmetical progression. 


I. Solution in Imaginaries by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The 
- Russell College, Lebanon, Va. 
I have not, thus far, succeeded in obtaining a solution in real numbers, 
but the following in imaginaries. 
Let (x—y)?, (v+y)? be the numbers. 
Let r=m*—n?, y=2mn. 
(m?—n?—2mn)?, (m?—n24+2mn)?, +2mn)? + 
4mn(m?—n?). 
The last is a square when m=n ; let m=n #4. 
(1—2n?)?, (2n2+4n41)?. 4n44+24n3 4+ 82n? + 12n41. 
Assume, 4n4+24n?+32n* + 12n4+1=(2n?+6n+h)?; also 4n4+24n3+ 
(382+ a? +(12+2ab)n+1+b?=(an+b)?. 
—8k2 ++17k—10=0. .°. k=1 or 2 or 5. 
*,n=0 or (—11) or—1. 
2512, (—11), 25,2512) (—11),2524, (—11), or 
(—11)]*, {y (025+, [(25—1 6961 )/2]}?. 


II. Comment by JOSIAH H. DRUMMOND, LL. D., Counselor at Law, Portland, Me. 

Let +y?, 4+2ry+y?, +4ry+y? be the four numbers ; 
two of them being squares, we have to make «*+y?=Q0...... (1), and a? oe 4ry 
+y?=0O......(2). Let c=my, then from (1) m?+1=0 =(say) (p—-m)?, from 
which m=(p?—1)/2p. From (2), m?*+4m+1=Q=(say) (pm—1)*?.) m= 
(2p +4)/(p? —1)=(p?—1)/2p, or (p?—1)? =4p? +8p. Hence 4p?4+8p=0. Or 
p?*+2p=0 =(say) q?@—2pqtp*, and p=q?/[2(q+1)]. Then 4p* +8p=[(q? + 24) 

(q+1)]*, and p?—1=(q? +2q)/(q4 1), and p?=(q? +3q+4+1)/(q+1); 
[(q? +4q° + 4q4+1)]/(q4+1). 

The only methods, which I know, of making the numerator rational, give 
q=0, and p=1, and m-=0. 

Taking p?+2p=p?q* and proceeding in a similar manner as above, we 
get p=[1/(q?—1)]) (q4 +4¢q3—2q? +1), and we get g=0, and p=--1 or 
—1 and p=0. 

I have tried many other methods and all give p==1, or p=-—1. While all 
this does not demonstrate that the question is impossible, I shall believe that it 
is so, until I see a solution. 


63. Proposed by A. H. HOLMES, Brunswick, Me. 
Given #3 4-y%—20% x 105489, to find four positive integral values each for 
rand 
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Solution by the PROPOSER. 
+y=20% x 105489 or 843912000. Take x=-1, 2, ete., until we find 
=15, y=945. Put 945=-a and 15=—6. Then since there must be four values 
for each, we have. z* + y?=a* or —y® .. (1). 

Now suppose + Let x=a—wu and b=mu—y. 

Let m:==a*?/y? and we have 

+y%) and b=[y(2a’ —y3)]/(a* ). 

Now to find « and y in x3 —b3—-a3—y' it is evident one of the above values 
must be taken negatively, but it cannot be the value of since the result would 
be at least one negative value. 

in (1) we have, + y*) and b=[a(2y3—a’)] (a3 + 
y®). Whence we find [(a+b) /(2a—b)] ( 9,8.) 

y==756, and we tind «744. 

*, e=15, 744, 756, and 945 ; y-945, 756, 744, and 15. 

Also solved by J. H. DRUMMOND. 


74. Proposed by SYLVESTER ROBINS, North Branch Depot. N. J. 
It is required to take from the proper key suitable material and hastily construct a 
‘“nest’’ of 10 or 15 prime, integral, rational trapeziums, each containing an area equal to 
the Square root of the product of its four sides. 


Solution by the PROPOSER. 


If the business require great haste, write n, —two or more, convergents in 

the expansion of any number of the form of (@?+1); say 2, 1/10, 
. j 26, 1 37, ete. Observe the number of trapeziums, [n(n—1)]/2 is always tri- 
angular. 
17=4, 42: 4*=-]6, 17x 1*=17, 17x 8*=—1068, 33*—1069. 
AY, 10x 1*=10, 19*=-361, 10x 6*=—360, 117? 
: 13689, 10x 372 13690. 9, 10, 860, 3861 ; 9, 10, 18689, 13690 ; 860, 361, 13689, 
) 13690. 

4, 5, 80, 815 4, 5, 1444, 1445; 4, 5, 25920, 25921 ; 80, 
81, 1444, 1445 ; 80, 81, 25920, 25921 ; 1444, 1445, 25920, 25921. 
y/2=1, 3, 7. 14, 44: 1. 2, 8, 9; 1, 2, 49, 50; 1, 2, 288, 289; 1, 2, 1681, 
1682 ; 8, 9, 49, 50; 8, 9, 288, 289; 8, 9, 1681, 1682 ; 49, 50, 288, 289; 49, 50, 
, 1681, 1682 ; 288, 289, 1681, 1682. 

Should it be desired to obtain several nests of this kind of rational trape- 
ziums from a single series, take the convergents from the expansion of quantities 
of the form (a°+b), where is greater than 1. 
3=}, 2/1, §, 1%, 26/15. 71, 97/56, 3, 4, 48, 49; 3, 4, 675, 

676 ; 8, 4, 9408, 9409 ; 48, 49, 675, 676; 48, 49, 9408, 9409 ; 675, 676, 9408, 

1, 3, 25, 27 ; 1, 3, 361, 363 ; 1, 3, 5041, 5048 ; 1, 3, hieg ,. (0227 ; 27, 25, 
r 861, 3638 ; 27, 25, 5041, 5043 ; 2%, a 70225, 70227 ; 361, 363, 5041, 5048 ; 361, 

363, 70225, 70227 ; 5041, 5043, 70225, 70227. 
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211462 
86329 


These conv omen furnish material for 21 trapeziums. 


2 590 1% 1307 202 40 11427 20830 


oer, Welty. In the nine odd convergents may be found the roots of 
36 trapeziums. In the 2d, 6th, 10th, 14th, 18th, the roots of 10 trapeziums, and 


in the 4th, 8th, 12th, 16th, the seed-corn of 6 trapeziums of the kind desired. 


Also solved by G. B. M. ZERR. 


Note. Professor Zerr’s solution of No. 60 is splendid, but he has left out a very difficult part of the 
solution, and has not referred us to the solution elsewhere. h, k, 1, m, n, and p must be so taken that 
the sum of their fifth powers is a perfect fifth power, and I do not remember where I can find a solution 
of that question. J. H. Drummond. 


MISCELLANEOUS. 


59. II. Solution by C. W. M. BLACK, A. M., Professor of Mathematics, Wesleyan Academy, Wilbraham, 
Mass. 
[See problem and solution I, in May number, page 156.] Consider the 


rays of light in a plane parallel to the axis of cylinder. It is easily seen that 
they are all reflected from an element of the cylinder, parallel and in another 
plane which together with the given plane makes equal angles with the normal 
plane along the reflecting element. These planes of reflection, being all perpen- 
dicular to the base, will intersect in lines perpendicular to the base, and the lo- 
cus of the ultimate intersections of adjacent planes will be a caustic cylinder 
whose elements are perpendicular to the base of the given cylinder. As the di- 
rection of the rays of light is still oblique the intersection of the caustic cylinder 
with the base will be a luminous curve. The elevation of the sun does not affect 
the positions of the planes of light, and so does not affect the form of the caustic 
cylinder or of the luminous curve. 

The curve is the envelope of the projection upon the base of the successive 
planes of light. Let circle represent base of cylinder, AB projection of incident 
plane, BC of reflected plane, AB being parallel to axis of Y (see figure in May 
number, page 156.) 

OB=r, 2 ABO=ZCBO== 7 BOK=a, BKX=2a. Equation to BK is 
y—(«— OK 

Let tana=a, Then 

Differentiating with reference to a, equating to zero, and clearing of frac- 
tions, we have 

(a? a?)? —r(1+a?)?=0 ; 


whence x/r=(1+3a*)/[2(1 +.®)? in (1), 
a?)? ]—[(1+4+a?)! /2]}[(2a)/(1—a?)] =a? /(1+a?)?. 


, 
182 
a 22 218 2158 21362 
Here is material for 15 trapeziums of the kind required. 
49 485 4801 47525 470449 4656965 


1—a*=[1—2(y/r)! 


Substitute (2) and (8) in (1), 
vel 
y[1—2(y/r)! r 


orar==4(ri +2y3 )y/(ri ), the equation sought. 


60. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 
. When the sun’s declination is 23° 27’ 15’ North=d, in what latitude will 

it shine on the north side of buildings during the first half of the forenoon, and : 

on the south side during the other half, and what will be the length of the day ? 


I. Solution by the PROPOSER. 


Let P be the north pole, PA a meridian, Z the zenith, HS the horizon, 
the sun rising at S,and describing the small circle are SBA, during the forenoon, 
reaching A at apparent noon, ZH a prime vertical, bisecting the semi-diurnal are 
SBA at B, and right-angled at Z, the declination=d, and latitude=-A, tand=a, 
and tanA=y. 

Then PB=90° —6, PZ=90°—A, and 2 ZPB=h=the hour-angle at the 
pole, and measures the time of describing the are BA on the south side of ZH. 

cosh==tandcota—ay. 

The hour angle measuring SBA=2h, and cos2h=-—tandtanA=—ay. But 
cos2h—=(2a*/y*)—1=—ay. .. y3—(y?/a)+2a=—0. Solving this cubic, gives 
a positive root y=2.1099, and A=64° 38’ 30’. 

.. h=156° 16’ 4"=—10 hours, 25 minutes, 4 seconds, and 2h=20 hours, 
50 minutes, 8 seconds, length of day. 


II. Solution by JOHN M. ARNOLD, Cromptun, R. I. 


In the triangle ABC formed by the zenith, the pole, and the sun when 
crossing the prime vertical, A—90°, B=the hour angle, a=sun’s polar distance, 
and c—the co-latitude. 

In the triangle A’B’C’ formed by the north point of the horizon, the pole, 
and the sun when rising, A’= 90°, B'=supplement of the hour angle at rising, 
c’=the latitude, and a’=a—90° —d=66° 32’ 45”. 

From trigonometry, cosB=cotatanc...... (1) ; cosB’==cota’tance’ ..... (2); 
e’+c=90°....(3). From the conditions of the problem, B’=180°—2B....(4). ; 
From (2) and (3), cosB’=cotacote. Eliminating cote by (1), cosB’=cot?a/cosh. “* 
Eliminating cosB’ by (4), 2cos?B—1=—(cot*a/cosB). Putting cosB=y and 
substituting the numerical value for cot?a, y3=4y+.094118=—0. Finding the 
two positive roots of this equation, y=.5815 and .2056. From the first root B= 
54° 27'=8 hours, 37 minutes, 48 seconds. Length of day=4B=—14 hours, 
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31 minutes, 12 seconds. From the second root, B=78° 8’ —5 hours, 12 minutes, 
32 seconds. Length of day—20 hours, 50 minutes, 8 seconds. 
Values of B substituted in (1) give for the latitude 36° 44’ and 64° 39’. 


III. Solution by C. HORNUNG, A. M., Professor of Mathematics, Heidelberg University, Tiffin, 0. 

Let Z be the zenith, P the pole, N the north point of the horizon, S the 
place on the horizon where the stn rises, and S’ the place of the sun on prime 
vertical when it has moved half the way to the meridian. Also let ¢=the re- 
quired latitude, 6=the sun’s declination=23° 27’ 15”, and P=the hour angle of the 
sun when rising. Then without allowing for refraction and semi-diameter, we 


get from the spherical triangles PNS and PZS’, —cosP=tan¢tand...... (1); and 
cos} P=cotdétand...... (2). From (1) and (2) we have tan? ¢—(1/tand)tan? 6+ 


2tand—0, or tan? ¢—2.31224tan* ¢—.18704=—0. Whence tan¢==2.27614, and ¢= 
66° 16’ 54” the required latitude. From (2) P=158° 1’ 28". Hence from sun- 
rise to noon is 10 hours, 32 minutes, 5.8 seconds, and the length of the day is 21 
hours, 4 minutes, 11 seconds. 

Solved by J. SCHEFFER with result, latitude 36° 43’ 31", and length of day 14 hours, 31 minutes, 6 
seconds. 

61. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 


ville, Tenn. 


The product of n numbers, each the sum of four squares, may be express- 
ed as the sum of four squares in (48)"~! different ways. 


Solution by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics,The Russell College, Leb- 
anon, Va. 


In Vol. II, No. 2, page 47, it is demonstrated that the product of two num- 
bers each the sum of four squares may be expressed as the sum of four squares 
in 48 different ways. 

Let a, a2, be the n squares. 

Then +m? 4-m,? +m) in 48 ways. 

in 4x 48 x .48? ways. 
+07 +02 +02) 
in 4x 2°.48? x 48—2/.483 ways. 
in 4x 24.48% x 48—2°.484 ways. 
in 2-4,48"—1 .(48)"—! ways. 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


98. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A poor man borrowed $20.00 which he repaid in eleven monthly installments of $2.00 
each ; what was the annual rate of interest (reckoned as simple interest)? 


$9. If 300 cats catch 300 rats in 800 minutes, how many rats will 100 eats catch in 
100 minutes ? [From Milne’s Practical Arithmetic.} 


’ y*, Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


ALGEBRA. 


88. Proposed by E. S. LOOMIS, Ph. D., Professor of Mathematics in Cleveland West High School, Berea, 0. 


(1). The Indemnity Savings and Loan Company made two loans of $1000 each to 
**A”’, one of its borrowers, under the following*terms: In the first loan ‘‘A” agrees to 
cancel the $1000 by making 120 payments of $13.50, the first payment to be considered as 
made on the first of the month in which the loan is made, and the 119 subsequent pay- 
ments to be made on the first of each subsequent month; in the second loan ‘‘A”’ agrees 
to cancel the $1000 by making 120 payments of $13.50, the first payment being made on the 
first of the month following the loan, and the 119 subsequent payments being made on the 
first of the subsequent months, Does the Company sustain any loss in earnings by the j 
second loan over the first loan, and if so how much, and when is (or are) this loss (or these ca 
losses) sustained, the rate of interest in each loan being considered as 103% per annum ? 

(2). Deduce a formula for each ease of proposition (1), by means of which one ean 
find the balance of the loan uneancelled at the end of any month, if the loan is fully can- 
celled in 120 payments. 


x*y Solutions of this problem should be sent to J. M. Colaw, not later than Sept. 10. 


GEOMETRY. 


99. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy; Ohio State a 
University, Athens, Ohio. ; 


Find the locus of the vertices of all right cones which have the same given 
ellipse as a base. 


100. Proposed by CHARLES C. CROSS, Libertytown, Md. 


O, 0,, O,, O, are the centers of the inscribed and three escribed circles of 
atriangle ABC. Prove 


101. Proposed by E. W. MORRELL, A. M., Professor of Mathematics, Montpelier Seminary, Montpelier, Vt. 


AB is the diameter of a circle and Q, any point on the circumference ; Q,, 
Q., Q,.... are the points of bisection of the ares AQ,, AQ,, AQ,.... Prove 
that BQ,, BQ,, BQ,....BQ,=—OA".(AQ, /AQn). 


#*y Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 
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CALCULUS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Investigate value (= *) where x is 0 and n has consecutive values 1, 2, 
x 


ae, eee or Is there any law governing the different results? When n=1, re- 
sult is 1; when n=2, result is e} ; n=3, gives a, etc. 


79. Proposed by GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 


Find the area included between y=sin" x+cos® x; y=7e(sin™ xcos® x) and 
the length of its boundary, true to six decimal places, when 7=38.14159, 
e=2.7182. 


»#*y Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 


MECHANICS. 


71. Proposed by the late B. F. BURLESON, Oneida Castle, N. Y. 


Three men own a sphere of gold the density of which varies as the square of the dis- 
tance from the center. If two segments be cut off each one inch from the center of the 
sphere it will be divided into three parts of equal value. Determine the diameter of the 
sphere. 


72. Proposed by REV. A. L. GRIDLEY, Pastor of First Congregational Church, Kidder, Mo. 


Prove that the motion of a ball falling through the earth influenced by gravity alone 
would be similar to the motion of a pendulum. 


»*, Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


DIOPHANTINE ANALYSIS. 


71. Proposed by A. H. BELL, Hillsboro, Il. 
Find five numbers such that the product of any two plus 1 will equal a 
square, 
72. Proposed by H. C. WILKES, Skull Run, W. Va. 


Given +y?+z?=p? +q*+r°*, to find unequal integral values for x, y, 2, 
Pp, and r. 


73. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Find integral values for x and y in 


x*, Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 
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AVERAGE AND PROBABILITY. 


67. Proposed by HENRY HEATON, M. Sc., Atlantic, Ia. 


A witness in court who undertook to recognize the signature of an individual] failed 
four times in succession. What is the probability that he was correct the fifth time? An 
actual occurrence. 


68. Proposed by J. K. ELLWOOD, A. M., Principal of Colfax School, Pittsburg, Pa. 


What are the odds against throwing 7 or 11 at one throw with two dice ? 


x*» Solutions of these problems should be sent to B. F. Finkel, not later than Sept. 10. 


MISCELLANEOUS. 


64. Proposed by G. B. M. ZERR, A. M., Ph. D., President and Professor of Mathematics, The Russell Col- 
lege, Lebanon, Va. 


Find the caustic by reflection of an hyperbola, the bright point being the center. 


65. Proposed by J. M. COLAW, A. M., Monterey, Va. 


Three circles, radii in ratio 1, 3, 5, are tangent externally and enclose one acre; what 
are the radii ? 


#*x Solutions of these problems should be sent to J. M. Colaw, not later than Sept. 10. 


EDITORIALS. 


Professor Fellows has been elected Professor of Mathematics in the Uni- 
versity of Missouri. 


Dr. George Bruce Halsted is spending the summer in Japan, his visit to 
that country being in the interest of mathematics. 


Dr. Alexander Ziwet, of the University of Michigan, has been granted one 
years leave of absence. Dr. Ziwet expects to spend the time abroad. 


Dr. G. A. Miller, of Cornell University, gave a course on Permutation 
Groups during the first term of the summer quarter, at the University of Chicago. 


Prof. John B. Faught, of the Indiana University, has been assigned a $600 
Fellowship at the University of Pennsylvania, where he expects to go the com- 
ing year to do graduate work. 


Prof. T. U. Palmer, of the University of Alabama, and Professor Drope, 
of the University of Arkansas, are doing advanced work in mathematics at the 
University of Chicago, during the summer quarter. 
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Prof. G. B. M. Zerr has been elected Principal of the East Chester High 
School. Professor Zerr will now be located only a few miles from the University 
of Pennsylvania, to whose mathematical library he will have access, and of which 
he will make good use. 


BOOKS AND PERIODICALS. 


Elements of Trigonometry with Tables. By Herbert C. Whitaker, Ph. D, 
(University of Pennsylvania), Central Manual Training School, Philadelphia, 
Penn. 8vo Cloth, xvi+182 pages. Price, $1.00. Philadelphia: D. Anson 
Partridge. 

Among the many noteworthy features of this book are: The concise and accurate 
statement of definitions; a table of Circular Measure, i. e., where degrees and minutes are 
reduced to radians; clear presentation of fundamental. conventions; a brief but compre- 
hensive discussion of the Theory of Logarithms; and an excellent introduction to the 
study of Complex Quantities and Hyperbolic Functions. The discussion of the Theory of 
Logarithms and the setting forth of the method by whieh Napier invented his system will 
be of great value to all students of Trigonometry and Algebra. The work, in every way, 
is worthy of the highest patronage by teachers who are contemplating a change of text- 
books on this subject. B.F. ¥. 


Prismoidal Formulxz and Earthwork. By Thomas U. Taylor, C. E. (Uni- 
versity of Virginia), M. C. E. (Cornell University), Associate Member of ‘the 
American Society of Civil Engineers ; Member of the American Mathematical 
Society ; Professor of Applied Mathematics, University of Texas. First edition, 
first thousand. 8vo Cloth, x+102 pages. Price, $1.50. New York: John 
Wiley & Sons. 

The object of this admirable treatise on Prismoidal Formule and Earthwork is to pre- 
sent a ready method of estimating the usual quantities in earthwork computations by 
graphical methods. The method outlined by the author applies to the majority of earth- 
work calculations, whether the volume be calculated by the Newtonian or average end- 
area formula. In this respect the work will be of great value to the civil engineer. The 
author, in writing the book, has also discovered the original authors of the usual formale 
associated with the prismatoid and ascribes the honor to Newton, Hirsch, Koppe and Kin- 
klin as can be verified by history. The introduction to the work is of great historic inter- 
est and value. B, F. F. 


Lectures on the Geometry of Position. By Theodore Reye, Professor of 
Mathematics in the University of Strassburg. Translated and Edited by Thom- 
F. Holgate, M. A., Ph. D., Professor of Applied Mathematics in Northwestern 
University. Part I. 8vo Cloth, xix+248 pages. Price, $2.25, net. New 
York: The Macmillan Co. 

It is believed that Professor Reye’s work, Geometrie der Lage, is the best in any lan- 
guage. In translating the first part of this incomparable work into English, the transla- 
tor has placed within easy reach of the English-speaking student the most refined discus- 
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sion of pure geometry extant. There is scarcely another field in mathematics at once so 

interesting and so fruitful of discovery and yet lacking much of the abstruseness charac- 

terizing other modern mathematical subjects as is Projective Geometry, or Geometry of 

Position. Notwithstanding the fact that the subject is the most stimulating branch of 

mathematics and admits of various beautiful and convenient applications to technical 
and natural sciences, yet it has not thus far received the attention of teachers of mathe- 
matics it so richly deserves. It is to be hoped that this very excellent translation by Dr, 
Holgate will be the means of introducing the subject in the course of mathematics in every 
college in this country. The translation, in general, is rather liberal than literal, thus 
presenting in good, readable English, without destroying the charm of the original writing, 
the geometric ideas contained in the text. 

Some very decided improvements over the original have been made, viz., The ar- 
ticles have been numbered ; the examples set at the end of the lectures to which they are 
related and a few new ones added; explanatory notes have been inserted where they 
seemed necessary or helpful, and an index has been compiled. 

The following is the table of contents: 

Lecture I—The Methods of Projection and Seetion—The Six Primitive Forms of 
Modern Geometry: Lecture II—Infinitely Distant Elements—Correlation of the Primitive 
Forms to one another. In this lecture are set down the conventions, interpretations or 

: assumptions respecting the ‘‘point infinity,” ‘“‘the line infinity.’’ As there has been, in 


1 the past, quite a good deal said in the Monthly about the fallacious argument introduced 
f in modern mathematics it will be well for those who wish to gain thorough knowledge 
] ‘ of the modern notions of ‘the point infinity’? and the line infinity to read carefully 
> this second lecture of Reye. 
‘ From the following, one of a number of considerations,we assume that every straight 
line has one point and only one point at infinity: 
Let AB be a straight line. Take C anywhere between A and B. Also consider the 
: directions AB positive and BC negative. Then AC/CB is positive for all positions between 
' Aand B. When C is at A, AC/CBis 0; when Cis at B, AC/CBis«. When AC=CB, 
n AC/CB=1, and AB is bisected internally at C. When C is at the right of B, AC/CB is 
negative, and when C is at an infinite distance from B, AC/CB is —1l. When C is to 
_ the left of A, AC/CB is negative, and when C is at an infinite distance from A, AC/CB is 
y —l. Since in going in both directions, an infinite distance from A, we get the same quo- 
* tient, —1, we conclude there is just one such point of bisection [corresponding to the in- 
1- ternal point of bisection C when C is to the right of and to the left of B], or the point of 
1e infinity. This forces us to assume that the straight line is a continuous or closed line, its 
ry extremities meeting in the point infinity. 
1- The ancients had no use for the above notions and so did not insert them in their 
r- mathematics. Whether or not the physical properties of a straight line agree with the 
1 above notions can neither be proved or disproved. The ancients said, two straight lines 
are parallel when they have no point in common, however far they be produced. The 
of moderns say: Two lines are parallel when they have only one point in common, viz., the 
n- point at infinity, The modern conception of parallelism has distinct advantages over the 
n ancient one, in that‘‘first, many theorems can be enunciated in a perfectly general way for 
; which otherwise exceptions would always have to be cited, and second, many apparently 
ie difficult theorems can, inaccordance with this view, be comprised in a single statement.” 
All the infinite points of a plane lie on a straight line, viz., the line at infinity ; since p 
n- it is intersected by every line of the plane in only one point, the point infinity. A curved 


line may have, in common with a straight line, more than one point. 
Two parallel planes have only one line in eommon, viz., the line infinity. 
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All infinity points and lines in space lie in a plane, viz., the plane at infinity ; since 
it is intersected by every straight line in only one point and by every plane in a straight 
line. 

To see to what great advantage these principles are turned, one needs to read care- 
fully the whole of Reye’s great work. 

Lecture III.—The Principles of Reciprocity or Duality—Simple and Complete 
n-Points, n-Sides, n-Edges, ete. 

Lecture IV.—Correlation of Complete n-Points, n-Sides, and n-Edges to one anoth- 
er—Harmonic Forms—Examples ; Lecture V.—Projective Properties of One-Dimensional 
Primitive Forms—Examples ; Lecture VI.—Curves, Sheaves and Cones of the Second Or- 
der—Examples; Lecture VII.—Deductions from Pascal’s and Brianchon’s Theorems—Ex- 
amples; Lecture VIII.—Pole and Polar with respect to Curves of the Second Order; Lec- 
ture IX.—Diameters and Axes of Curves of the Second Order—Algebraic Equations 
of these Curves—Examples; Lecture X.—Regular and Ruled Surfaces of the Second Order 
—Examples; Lecture XI.—Projective Properties of Elementary Forms—Examples ; Lee- 
ture XII.—Involution—Examples; Lecture XIII.—Metrie Relations of Involution—Foci 
of Curves of the Second Order—Examples ; Lecture XIV.—Problems of the Second Order 
Imaginary Elements—Examples ; Lecture X V.—Principal Axes and Planes of Symmetry— 
Focal Axes and Cyclic Planes of a Cone of the Second Order—Examples; Appendix. 
—Principal of Reciprocal Radii—Ruled Surfaces of the Third Order—Quadrangles and 
Quadrilaterals which are Self-Polar with respect to Conie Sections—Nets and Webs 
of Conic Sections ; Index. B. F. F. 


Collier’s Weekly. An Illustrated Journal of Art, Literature, and Current 
Events. Special price to close of year, $1.00. 521-549 West Thirteenth Street, 
New York City. 


In view of the widespread interest in the present war, Collier’r Weekly is especially 


popular. Its correspondents with the army and navy furnish most interesting letters 
each week, while the war pictures, in the illustrated bulletin of the week’s news from the 
front, are unsurpassed. J.M.C, 
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RENE DESCARTES. 
By courtesy of The Open Court. 
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